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Four Fundamental Subspaces of a Matrix

¢ Column space of A:
C(A) ={b=Ax:x € R"}

< Row space of A =Column space of AT:
CAT) ={y =A"z:z € R™}

¢ Null space of A:
N(A) = {x e R": Ax = 0}

¢ Left Null space of A:
NAT) ={y e R™: ATy = 0}



Linear Combination(review)

D

efinition: linear combination

expression of the form
C1V1 + CoUy + oo+ Cr Vg
Where ¢4, ¢y, . . ., cy are scalars.

.

Let vy, vy, ..., vy aset of vectors in a vector space R™. A /inear combination of vy, v,, ..

N

., Vg isan

_

Definition: span
The spanof vy, vy, ..., v, in R™is the set of a// /inear combinations of them

span{vy, Va, ..., Ut = {1V + Uy + - + Vgt €1, Ca, . .., C € R}

Example:
, 1 __ [ 29
What’s the spanof v; = [1] and v, = [_1] in R=?

span{vy,v;} = {c1v1 + c2v;: €1, ¢; ER}

faf}] e[ 2 cvceem)

_ {[Cl + 2C2

Cl_cz]lcl,CZER}

= R?



Four Fundamental Subspaces of a Matrix

s Column space of A.
C(A) ={b =Ax: x € R"}

How do you calculate the column space of a matrix?
1. Determine Row Echelon Form of A, ref A).
2. The pivot columns of ref{ A) form a basis for C(A).
3. C((A) = span of the pivot columns of ref A).

o The number of pivot columns is equal to the rank of A.
o The dimension of the column space is equal to the rank of A.

o—Ahasthe-same-column-spaceas—+efA)



Four Fundamental Subspaces of a Matrix

s Column space of A:

C(A) ={b = Ax : x € R"}

Example:

g —— Re

A =I %IIIII8IIIII?I(I)I IE _ R2
1481218 «——p,
WA, 1 2 3

A — 8 20 Rz(— —2R1+R2) 0 4 14
4 8 121 ., 10 3¢-— |4 8 12
1 2 31 Ry —4Ry+Ry 1 2 3]
0 4 14 > 0 4 14
4 8 12]4+q1=0 Fq=-4 0 0 O
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T1: 128 3 17 [2
10: i4: 14 pivot columns :{H , H}
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Four Fundamental Subspaces of a Matrix

» Row space of A =Column space of A:
CAT) ={y=ATz:z e R™}

How do you calculate the Row space of a matrix?
1. Determine Row Echelon Form of A, ref A).
2. The nonzero rows of ref A) form a basis for C(AT).
3. €(AT) = span of the nonzero rows of ref(A).

o The number of the nonzero rows of ref A) is equal to the rank of A.

o The dimension of the row spaceis equal to the rank of A.

o Ahas the same row spaceas ref(A).

o Row space of Ahas the same dimension rand the same basis as ref A).



Four Fundamental Subspaces of a Matrix

» Row space of A =Column space of A:
CAT) ={y=ATz:

Example:
s —— Ra
A =I %Illll8lllllgl(l)l _ RZ
14778 121% «—— g,
WA,
A — 8 20 Rz(— —2R1+R2)
L T .
1 2 3 R3<— —4R1+R3
0 4 14 >
4 8 12]4+q1=0 2> q=—4
123 SR 0 17
0..4..14 nonzero rows= H ,[4]
0O 0 O 3 14
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z € R™}
2 3]
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4 14
0 0]
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Four Fundamental Subspaces of a Matrix

¢ Null space of A:
N(A) = {x € R": Ax = 0}

How do you calculate the Null space of a matrix?
1. Determine Row Echelon Form of A, ref A).
2. Solve the system of equations ref{ A)x=0.
3. NA) ={x€eR": Ax = 0}.

o The special solutions of Ax = 0 form a basis for N(A).

o The dimension of the Null spaceis equal to 7+ r.

o Ahas the same null space as ref(A).

o Ahas the same dimension n-rand the same basis as ref(A).



Four Fundamental Subspaces of a Matrix

¢ Null space of A:
N(4A) ={x e R": Ax = 0}

Example:

s < Ry

A =I %IIIII8IIIII?I(I)I E — RZ
147787121 «—— R,
1 2% 1 2 37

A — 8 20 Rz(— —2R1+R2) 0 4 14
ol e, T
1 2 3] pe— —argtr, [1 2 3]
0 4 14 > 0 4 14
4 8 12]4+q1=0 Fq=-4 0 0 O

0
[o 4 14] [szo] Xy = 4X3
0 Xy = —B.SX3
4
N(A):spaﬂ{t l—3.5‘ |t € ]R}
1



Four Fundamental Subspaces of a Matrix

¢ Left Null space of A:

NAD) ={y e R™: ATy = 0}

How do you calculate the Left Null space of a matrix?
1. Determine Row Echelon Formof AT, refAT).

2. Solve the system of equations ref{AT)y=0.

3.

NAT) ={y e R™: ATy = 0}.

The special solutions of ATy = 0 form a basis for N(AT).
The dimension of the Left Null space is equal to .
Ahas the same Left Null space as refAT).



Four Fundamental Subspaces of a Matrix

¢ Left Null space of A:
NAD) ={y e R™: ATy = 0}

Example:
1 2 3 1 2 4
A=12 8 20 AT =2 8 8] ref(AT)=[0
4 8 12 3 20 12
1 2 4111 [0 y3 =7?
0 4 O0l|Y21=]0 o
0 0 ollysl Lo y1 = —4ys3

—4
N(AT):span{t[ 0 ] | t € IR}
i



Four Fundamental Subspaces of a Matrix

Row space




