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Outline

❖ Motivation

• Data Compression

• Data Visualization

❖ Methods:

• Principal Component Analysis(PCA) Problem Formulation

o Principal Component Analysis Algorithm

o Choosing the Number of Principal Components

o Kernel PCA
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Motivation

• If we have a lot of redundant data, we may want to reduce the dimension of our features.

• Doing dimensionality reduction will reduce the total data we have to store in computer

memory and will speed up our learning algorithm.

Data Compression: h
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Example 1: Reduce data from 2D to 1D

Note: In dimensionality reduction, we are reducing our features rather than our number of examples.

Our variable will stay the same size, but the length of each vector for each feature will be reduced.

𝑥1 (𝑐𝑚)

𝑥
2
(𝑖𝑛

𝑐ℎ
𝑒𝑠)
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Example 1: Reduce data from 2D to 1D

𝑥(1) ∈ ℝ2 ⟶ 𝑧(1) ∈ ℝ

𝑥1 (𝑐𝑚)

𝑥
2
(𝑖𝑛

𝑐ℎ
𝑒𝑠)

𝑧

𝑥(2) ∈ ℝ2 ⟶ 𝑧(2) ∈ ℝ

𝑥(𝑚) ∈ ℝ2 ⟶ 𝑧(𝑚) ∈ ℝ

• If we have a lot of redundant data, we may want to reduce the dimension of our features.

• Doing dimensionality reduction will reduce the total data we have to store in computer

memory and will speed up our learning algorithm.

Note: In dimensionality reduction, we are reducing our features rather than our number of examples.

Our variable will stay the same size, but the length of each vector for each feature will be reduced.
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Motivation

Data Compression: h
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Example 2: Reduce data from 3D to 2D

𝑥1

𝑥1

𝑥2

𝑥3

𝑥3

𝑧2

𝑧1

𝑥2

• If we have a lot of redundant data, we may want to reduce the dimension of our features.

• Doing dimensionality reduction will reduce the total data we have to store in computer

memory and will speed up our learning algorithm.

Note: In dimensionality reduction, we are reducing our features rather than our number of examples.

Our variable will stay the same size, but the length of each vector for each feature will be reduced.
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Motivation

• How can we visualize the measurements?

Data Visualization: h
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Country
GDP (trillions of 

US$)

Per capita 

GDP 

(thousands of 

intl. $)

Human 

Develop-

ment Index

Life 

expectancy

Poverty 

Index

(Gini as 

percentage)

Mean 

household 

income 

(thousands of 

US$)

…

Canada 1.577 39.17 0.908 80.7 32.6 67.293 …

China 5.878 7.54 0.687 73 46.9 10.22 …

India 1.632 3.41 0.547 64.7 36.8 0.735 …

Russia 1.48 19.84 0.755 65.5 39.9 0.72 …

Singapore 0.223 56.69 0.866 80 42.5 67.1 …

USA 14.527 46.86 0.91 78.3 40.8 84.3 …

… … … … … … …

❖ When there are more than three features, it is difficult to see the correlations between the features.
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Motivation

Data Visualization: h
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Per capita GDP
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Per capita GDP

G
D
P

• How can we visualize the other variables?

❖Coordinate axes representation is a way to visualize data that is less than or equal three dimensions.

❖ It is not easy to visualize data that is more than three dimensions.

• Difficult to see in 4 or higher dimensional spaces.

Is there a representation better than the coordinate axes?
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Motivation

• It is not easy to visualize data that is more than three dimensions. We can reduce the

dimensions of our data to three or less in order to plot it. To do this, We need to find new

features, (z1, z2 and perhaps z3) that can effectively summarize all the other features.

Data Visualization: h
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Country

Canada 1.6 1.2

China 1.7 0.3

India 1.6 0.2

Russia 1.4 0.5

Singapore 0.5 1.7

USA 2 1.5

… … …
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Motivation

• It is not easy to visualize data that is more than three dimensions. We can reduce the

dimensions of our data to 3 or less in order to plot it. To do this, We need to find new

features, (z1, z2 and perhaps z3) that can effectively summarize all the other features.

Data Visualization: h
ttp
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Dimensionality Reduction Methods

Principal Component Analysis(PCA)
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The PCA method is a statistical method for Feature Selection and Dimensionality Reduction.

Feature Selection is a process whereby a data space is transformed into a feature space. In

principal both spaces have the same dimensionality. However, in the PCA method, the

transformation is design in such way that the data set be represented by a reduced number of

“effective” features and yet retain most of the intrinsic information contained in the data; in

other words the data set undergoes a dimensionality reduction.

❖ Principal Component Analysis(PCA) Problem Formulation:
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PCA Algorithm
Principal Component Analysis(PCA)

Input: Data points in a n-dimensional space, 𝒙(1), 𝒙(2), … , 𝒙(𝑚) , 𝒙(𝑖) ∈ ℝ𝑛 for i=1,2,…, m

Output:

• project into lower dimensional space while preserving as much information as possible.

• Find  k-dimensional projection, 𝒛(1), 𝒛(2), … , 𝒛(𝑚) , that preserve variance. (𝒛(𝑖) ∈ ℝ𝑘, for i=1,2,…, m) 

𝑥𝟏
(𝑖)

𝑥𝟐
(𝑖) ⋯ 𝑥𝒏

(𝑖)

𝒙(1) 𝑥𝟏
(1)

𝑥𝟐
(1) ⋯ 𝑥𝒏

(1)

𝒙(2) 𝑥𝟏
(2)

𝑥𝟐
(2) ⋯ 𝑥𝒏

(2)

⋮ ⋮ ⋮ ⋱ ⋮

𝒙(𝑚)
𝑥𝟏
(𝑚)

𝑥𝟐
(𝑚) ⋯ 𝑥𝒏

(𝑚)

𝑋 =

− 𝒙(1)
𝑇

−

− 𝒙(2)
𝑇

−

− 𝒙(3)
𝑇

−

− 𝒙(4)
𝑇

−

− 𝒙(5)
𝑇

− 𝑚×𝒏

Features 

S
a
m

p
le

s
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PCA Algorithm
Principal Component Analysis(PCA)

Input: Data points in a n-dimensional space, 𝒙(1), 𝒙(2), … , 𝒙(𝑚) , 𝒙(𝑖) ∈ ℝ𝑛 for i=1,2,…, m

Output:

• project into lower dimensional space while preserving as much information as possible.

• Find  k-dimensional projection, 𝒛(1), 𝒛(2), … , 𝒛(𝑚) , that preserve variance. (𝒛(𝑖) ∈ ℝ𝑘, for i=1,2,…, m) 

------------------------------------------------------------------
Step 0. (Pre-processing) (feature scaling/mean normalization): 

• zero mean: To mean normalization of the dataset, it is necessary to calculate the mean (𝜇𝑗: =
σ𝑖=1
𝑚 𝑥𝑗

(𝑖)

𝑚
)

and replace each 𝑥𝑗
(𝑖)

with 𝑥𝑗
(𝑖)
− 𝜇𝑗 :

𝑥𝑗
(𝑖)
: = 𝑥𝑗

(𝑖)
− 𝜇𝑗 for 𝑗 = 1,2, … , 𝑛.

• Scaling (Optional): If there are different features on different scales, scale feature to have comparable

range of values. To this end, compute standard deviation (𝜎𝑗) for new jth feature and then apply following

formula for jth feature of each point in the dataset

𝑥𝑗
(𝑖)

←
𝑥𝑗
(𝑖)

𝜎𝑗
𝑤ℎ𝑒𝑟𝑒 𝜎𝑗

2 =
σ𝑖=1
𝑚 𝑥𝑗

(𝑖) 2

𝑚
, 𝑗 = 1,2, … , 𝑛.

Step 1. Compute covariance matrix Σ ∈ ℝ𝑛×𝑛.

Step 2. Compute eigenvectors and eigenvalue of Σ.

Step 3. Select top k eigenvectors.

Step 4. Project points onto subspace spanned by the.
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PCA Algorithm
Feature scaling

𝑥𝑗
(𝑖)
: =

𝑥𝑗
(𝑖)
− min

𝑖=1,2,…,𝑚
𝑥𝑗
(𝑖)

m𝑎𝑥
𝑖=1,2,…,𝑚

𝑥𝑗
(𝑖)
− min

𝑖=1,2,…,𝑚
𝑥𝑗
(𝑖)

⟹ 𝑥𝑗
(𝑖)
∈ 0,+1

𝑥𝑗
(𝑖)
: =

𝑥𝑗
(𝑖)
− 𝜇𝑗

𝜎𝑗
=

𝑥𝑗
(𝑖)
−
σ𝑖=1
𝑚 𝑥𝑗

(𝑖)

𝑚

1
𝑚
σ𝑖=1
𝑚 𝑥𝑗

(𝑖)
−
σ𝑖=1
𝑚 𝑥𝑗

(𝑖)

𝑚

2

from sklearn.preprocessing import StandardScaler

from sklearn.preprocessing import MinMaxScaler
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Covariance

❖ Variance and Covariance:
Measure the “spread” of a set of points around their center of mass (mean).

➢ Variance:

Measures how much each of the dimensions vary from the mean with respect to each other.

• Covariance is measured between two dimensions. 

• Covariance sees if there is a relation between two dimensions. 

• Covariance between one dimension is the variance.

➢ Covariance:

Measures the deviation from the mean for points in one dimension. 

h
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w

w
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PCA Algorithm
Principal Component Analysis(PCA)

Input: Data points in a n-dimensional space, 𝒙(1), 𝒙(2), … , 𝒙(𝑚) , 𝒙(𝑖) ∈ ℝ𝑛 for i=1,2,…, m

Output:

• project into lower dimensional space while preserving as much information as possible.

• Find  k-dimensional projection, 𝒛(1), 𝒛(2), … , 𝒛(𝑚) , that preserve variance. (𝒛(𝑖) ∈ ℝ𝑘, for i=1,2,…, m) 

------------------------------------------------------------------
Step 0. (Pre-processing) (feature scaling/mean normalization)

Step 1. Compute covariance matrix Σ ∈ ℝ𝑛×𝑛:

Σ =
1

𝑚
𝑋𝑇𝑋 =

1

𝑚
෍

𝑖=1

𝑚

𝑥(𝑖) 𝑥(𝑖)
𝑇

𝑠. 𝑡. 𝑋 =

− 𝒙(1)
𝑇

−

− 𝒙(2)
𝑇

−
⋮

− 𝒙(𝑚)𝑇 − 𝑚×𝑛

Step 2. Compute eigenvectors and eigenvalue of Σ:

𝑈, 𝑆, 𝑉 = 𝑠𝑣𝑑 Σ 𝑠. 𝑡 Σ = 𝑈𝑆𝑉𝑇

Step 3. Select top k eigenvectors.

𝑈 =

|

𝑢(1)

|

|

𝑢(2)

|

⋯
⋯
⋯

|

𝑢(𝑛)

|
𝑛×𝑛

⟶ 𝑈𝑟𝑒𝑑𝑢𝑐𝑒𝑑 =

|

𝑢(1)

|

|

𝑢(2)

|

⋯
⋯
⋯

|

𝑢(𝑘)

|
𝑛×𝑘

Step 4. Project points onto subspace spanned by top k eigenvectors :

𝑍 = 𝑋 × 𝑈𝑟𝑒𝑑𝑢𝑐𝑒𝑑
𝒛(𝑖) = 𝑈𝑟𝑒𝑑𝑢𝑐𝑒𝑑

𝑇 × 𝒙 𝑖 , for i=1,2,…, m
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PCA Algorithm

Example 1.

Dataset matrix

𝑥𝟏
(𝑖)

𝑥𝟐
(𝑖)

𝑥𝟑
(𝑖)

𝑥𝟒
(𝑖)

𝒙(1) 1 2 3 4

𝒙(2) 5 5 6 7

𝒙(3) 1 4 2 3

𝒙(4) 5 3 2 1

𝒙(5) 8 1 2 2

𝑥𝟐
(3)

𝑖 = 3, 𝑗 = 2

𝒙(3) = 1,4,2,3

T
ian

-1
2

-P
C

A
.p

d
f
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PCA Algorithm

Mean and standard deviation before standardization

𝑥𝟏
(𝑖)

𝑥𝟐
(𝑖)

𝑥𝟑
(𝑖)

𝑥𝟒
(𝑖)

𝜇𝑗 = 4 3 3 3.4

𝜎𝑗 = 2.69328 1.41421 1.54919 2.05913

Example 1.

𝑥𝟏
(𝑖)

𝑥𝟐
(𝑖)

𝑥𝟑
(𝑖)

𝑥𝟒
(𝑖)

𝒙(1) 1 2 3 4

𝒙(2) 5 5 6 7

𝒙(3) 1 4 2 3

𝒙(4) 5 3 2 1

𝒙(5) 8 1 2 2

Dataset matrix

Step 0. (Pre-processing) 
T

ian
-1

2
-P

C
A

.p
d
f
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PCA Algorithm

Example 1.

Dataset matrix

𝑥𝟏
(𝑖)

𝑥𝟐
(𝑖)

𝑥𝟑
(𝑖)

𝑥𝟒
(𝑖)

-1.11803 -0.70711 0 0.29138

0.37268 1.41421 1.93649 1.74831

-1.11803 0.70711 -0.64550 -0.19426

0.37268 0 -0.64550 -1.16554

1.49071 -1.41421 -0.64550 -0.67990

Standardized Dataset

𝜇4=3.4

𝜎4 = 2.30217

𝑥4
(1)

= 4

𝑥4
(1)

←
𝑥4
(1)

−𝜇4
𝜎4

= 0.29138

𝜇1=4

𝜎1 = 3

𝑥1
(5)

= 8

𝑥1
(5)

←
𝑥1
(5)

− 𝜇1
𝜎1

= 1.49071

𝑥𝟏
(𝑖)

𝑥𝟐
(𝑖)

𝑥𝟑
(𝑖)

𝑥𝟒
(𝑖)

𝒙(1) 1 2 3 4

𝒙(2) 5 5 6 7

𝒙(3) 1 4 2 3

𝒙(4) 5 3 2 1

𝒙(5) 8 1 2 2

Step 0. (Pre-processing) 
T

ian
-1

2
-P

C
A

.p
d
f
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PCA Algorithm

Example 1.

Standardized Dataset

𝑥𝟏
(𝑖)

𝑥𝟐
(𝑖)

𝑥𝟑
(𝑖)

𝑥𝟒
(𝑖)

𝒙(1) -1.11803 -0.70711 0 0.29138

𝒙(2) 0.37268 1.41421 1.93649 1.74831

𝒙(3) -1.11803 0.70711 -0.64550 -0.19426

𝒙(4) 0.37268 0 -0.64550 -1.16554

𝒙(5) 1.49071 -1.41421 -0.64550 -0.67990

Step 0. (Pre-processing) 
T

ian
-1

2
-P

C
A

.p
d
f
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PCA Algorithm

Example 1.

Standardized Dataset

𝑥𝟏
(𝑖)

𝑥𝟐
(𝑖)

𝑥𝟑
(𝑖)

𝑥𝟒
(𝑖)

𝒙(1) -1.11803 -0.70711 0 0.29138

𝒙(2) 0.37268 1.41421 1.93649 1.74831

𝒙(3) -1.11803 0.70711 -0.64550 -0.19426

𝒙(4) 0.37268 0 -0.64550 -1.16554

𝒙(5) 1.49071 -1.41421 -0.64550 -0.67990

𝑋 =

− 𝒙(1)
𝑇

−

− 𝒙(2)
𝑇

−

− 𝒙(3)
𝑇

−

− 𝒙(4)
𝑇

−

− 𝒙(5)
𝑇

−

=

−1.11803

0.37268

−1.11803

0.37268

1.49071

−0.70711

1.41421

0.70711

0
−1.41421

0
1.93649

−0.64550

−0.64550

−0.64550

0.29138

1.74831

−0.19426

−1.16554

−0.67990

Step 0. (Pre-processing) 
T

ian
-1

2
-P

C
A

.p
d
f
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PCA Algorithm

Example 1.

Step 1. Compute covariance matrix Σ ∈ ℝ2×2

Σ =
1

𝑚
𝑋𝑇𝑋 =

1

𝑚
෍

𝑖=1

𝑚

𝑥(𝑖) 𝑥(𝑖)
𝑇

𝑋 =

−1.11803

0.37268

−1.11803

0.37268

1.49071

−0.70711

1.41421

0.70711

0
−1.41421

0
1.93649

−0.64550

−0.64550

−0.64550

0.29138

1.74831

−0.19426

−1.16554

−0.67990

Σ =

1.0000

−0.3162

0.0481

−0.1810

−0.3162

1.0000

0.6390

0.6181

0.0481

0.6390

1.0000

0.9404

−0.1810

0.6181

0.9404

1.0000

T
ian

-1
2

-P
C

A
.p

d
f
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PCA Algorithm

Example 1.

Σ =

1.0000

−0.3162

0.0481

−0.1810

−0.3162

1.0000

0.6390

0.6181

0.0481

0.6390

1.0000

0.9404

−0.1810

0.6181

0.9404

1.0000

Step 2. Compute eigenvectors and eigenvalue of Σ

𝑈, 𝑆, 𝑉 = 𝑠𝑣𝑑 Σ

U =

−0.1620
0.5240
0.5859
0.5965

−0.9171
0.2069

−0.3205
−0.1159

0.3071
0.8173
−0.1883
−0.4497

0.1962

0.1206
−0.7201
0.6545

V =

−0.1620
0.5240
0.5859
0.5965

−0.9171
0.2069

−0.3205
−0.1159

0.3071
0.8173
−0.1883
−0.4497

0.1962

0.1206
−0.7201
0.6545

S =

2.5158
0
0
0

0
1.0653

0
0

0
0

0.3939
0

0
0
0

0.0250

𝜆1 = 2.5158 𝑒1 = −0.1620 0.5240 0.5859 0.5965 𝑇 The first principal component

𝜆2 = 1.0653

𝜆3 = 0.3939

𝜆4 = 0.0250

𝑒2 = −0.9171 0.2069 −0.3205 −0.1159 𝑇

𝑒3 = 0.3071 0.8173 −0.1883 −0.4497 𝑇

𝑒4 = 0.1962 0.1206 −0.7201 0.6545 𝑇

The Second principal component

The third principal component

The fourth principal component
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PCA Algorithm

Example 1.

𝑈𝑟𝑒𝑑𝑢𝑐𝑒𝑑 ≔ 𝑈 : , 1: 2 =

−0.1620
0.5240
0.5859
0.5965

−0.9171
0.2069

−0.3205
−0.1159

Step 3. Select top k eigenvectors, k=2

Step 4. Project points onto subspace spanned by top k=2 eigenvectors:

𝒛(𝑖) = 𝑈𝑟𝑒𝑑𝑢𝑐𝑒𝑑
𝑇 × 𝒙 𝑖 ,

for i=1,2,…, m

𝑍 =

− 𝒛(1)
𝑇

−

− 𝒛(2)
𝑇

−

− 𝒛(3)
𝑇

−

− 𝒛(4)
𝑇

−

− 𝒛(5)
𝑇

−

= 𝑋 × 𝑈𝑟𝑒𝑑𝑢𝑐𝑒𝑑 =

−0.0157

2.8583

0.0576

−1.1339

−1.7663

0.8452

−0.8725

1.4010

0.0003

−1.3740

𝒛𝟏
(𝑖)

𝒛𝟐
(𝑖)

𝒛(1) −0.0157 0.8452

𝒛(2) 2.8583 −0.8725

𝒛(3) 0.0576 1.4010

𝒛(4) -1.1339 0.0003

𝒛(5) -1.7663 -1.3740
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Example 1.

𝒁 =

−0.0157

2.8583

0.0576

−1.1339

−1.7663

0.8452

−0.8725

1.4010

0.0003

−1.3740

❖ Reconstruction from compressed representation,  k=2

𝑿𝒂𝒑𝒑𝒓𝒐𝒙
(𝑖) = 𝑈𝑟𝑒𝑑𝑢𝑐𝑒𝑑 × 𝒛 𝑖 ,

for i=1,2,…, m

𝑿𝒂𝒑𝒑𝒓𝒐𝒙 = 𝒁 × 𝑈𝑟𝑒𝑑𝑢𝑐𝑒𝑑
𝑇

PCA Algorithm

𝑿𝒂𝒑𝒑𝒓𝒐𝒙

=

−0.7726
0.3373
−1.2942
0.1834
1.5461

0.1667
1.3173
0.3201
−0.5941
−1.2100

−0.2801
1.9543
−0.4154
−0.6644
−0.5945

−0.1073
1.8063
−0.1281
−0.6764
−0.8944
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PCA Algorithm

Example 2.

𝑥𝟏
(𝑖)

𝑥𝟐
(𝑖)

𝒙(1) 2.5 2.4

𝒙(2) 0.5 0.7

𝒙(3) 2.2 2.9

𝒙(4) 1.9 2.2

𝒙(5) 3.1 3.0

𝒙(6) 2.3 2.7

𝒙(7) 2 1.6

𝒙(8) 1 1.1

𝒙(9) 1.5 1.6

𝒙(10) 1.1 0.9

Original Dataset

𝑥𝟏
(𝑖)

𝑥𝟐
(𝑖)

𝜇𝑗 = 1.81 1.91
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PCA Algorithm

Example 2.

0

0.5

1

1.5

2

2.5

3

3.5

0 0.5 1 1.5 2 2.5 3 3.5

x2

x1

Dataset
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PCA Algorithm

Example 2.

Step 0. (Pre-processing)  zero-mean:

𝑥𝟏
(𝑖)

𝑥𝟐
(𝑖)

𝒙(1) 0.69 0.49

𝒙(2) -1.31 -1.21

𝒙(3) .39 0.99

𝒙(4) 0.09 0.29

𝒙(5) 1.29 1.09

𝒙(6) 0.49 0.79

𝒙(7) 0.19 -0.31

𝒙(8) -0.81 -0.81

𝒙(9) -0.31 -0.31

𝒙(10) -0.71 -1.01

Mean Adjusted Dataset
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PCA Algorithm

Example 2.

Step 0. (Pre-processing)  zero-mean:

Mean Adjusted Dataset

-1.5

-1

-0.5

0

0.5

1

1.5

-1.5 -1 -0.5 0 0.5 1 1.5
x2

x1
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PCA Algorithm

Example 2.

Step 1. Compute covariance matrix Σ ∈ ℝ2×2

Σ =
1

𝑚
𝑋𝑇𝑋 =

1

𝑚
෍

𝑖=1

𝑚

𝑥(𝑖) 𝑥(𝑖)
𝑇

𝑋 =

0.69 0.49

−1.31 −1.21

0.39 0.99

0.09 0.29

1.29 1.09

0.49 0.79

0.19 −0.31

−0.81 −0.81

−0.31 −0.31

−0.71 −1.01

Σ =
0.616555556 0.615444444
0.615444444 0.716555556
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PCA Algorithm

Example 2.

Step 2. Compute eigenvectors and eigenvalue of Σ

Σ = 0.616555556 0.615444444
0.615444444 0.716555556

𝑈, 𝑆, 𝑉 = 𝑠𝑣𝑑 Σ

U = −0.677873399 −0.735178656
−0.735178656 0.677873399

S = 1.28402771 0
0 0.049083399

V = −0.677873399 −0.735178656
−0.735178656 0.677873399

𝜆1 = 1.28402771 𝑒1 =
−0.677873399
−0.735178656

𝜆2 = 0.049083399 𝑒2 =
−0.735178656
0.677873399

The eigenvector with the highest

eigenvalue is the first principal

component of the data set

The eigenvector with the second

highest eigenvalue is the second

principal component of the data set
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PCA Algorithm

Example 2.

Mean Adjusted Dataset and eigenvectors of Σ

-1.5

-1

-0.5

0

0.5

1

1.5

-1.5 -1 -0.5 0 0.5 1 1.5
x2

x1

The first principle component

The Second principle component

Step 2. Compute eigenvectors and eigenvalue of Σ

Mean Adjusted Dataset
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PCA Algorithm

Example 2.

𝑈𝑟𝑒𝑑𝑢𝑐𝑒𝑑: = 𝑈 =
−0.677873399 −0.735178656
−0.735178656 0.677873399

Step 3. Select top k eigenvectors, k=2

Step 4. Project points onto subspace spanned by top k=2 eigenvectors:

𝒛(𝑖) = 𝑈𝑟𝑒𝑑𝑢𝑐𝑒𝑑
𝑇 × 𝒙 𝑖 ,

for i=1,2,…, m

𝑍 = 𝑋 × 𝑈𝑟𝑒𝑑𝑢𝑐𝑒𝑑 =

−0.8280 −0.1751

1.7776 0.1429

−0.9922 0.3844

−0.2742 0.1304

−1.6758 −0.2095

−0.9129 0.1753

0.0991 −0.3498

1.1446 0.0464

0.4380 0.0178

1.2238 −0.1627

𝒛𝟏
(𝑖)

𝒛𝟐
(𝑖)

𝒛(1) −0.8280 −0.1751

𝒛(2) 1.7776 0.1429

𝒛(3) -0.9922 0.3844

𝒛(4) -0.2742 0.1304

𝒛(5) -1.6758 -0.2095

𝒛(6) -0.9129 0.1753

𝒛(7) 0.0991 -0.3498

𝒛(8) 0.0991 0.0464

𝒛(9) 0.4380 0.0178

𝒛(10) 1.2238 -0.1627
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PCA Algorithm

Example 2.

𝑈𝑟𝑒𝑑𝑢𝑐𝑒𝑑 : = 𝑈 =
−0.677873399
−0.735178656

Step 3. Select top k eigenvectors, k=1

Step 4. Project points onto subspace spanned by top k=1 eigenvector:

𝑍 = 𝑋 × 𝑈𝑟𝑒𝑑𝑢𝑐𝑒𝑑 =

−0.8280

1.7776

−0.9922

−0.2742

−1.6758

−0.9129

0.0991

1.1446

0.4380

1.2238

𝒛𝟏
(𝑖)

𝒛(1) −0.8280

𝒛(2) 1.7776

𝒛(3) -0.9922

𝒛(4) -0.2742

𝒛(5) -1.6758

𝒛(6) -0.9129

𝒛(7) 0.0991

𝒛(8) 0.0991

𝒛(9) 0.4380

𝒛(10) 1.2238

𝒛(𝑖) = 𝑈𝑟𝑒𝑑𝑢𝑐𝑒𝑑
𝑇 × 𝒙 𝑖 ,

for i=1,2,…, m
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Example 2.

𝒛(1) =

−0.8280

1.7776

−0.9922

−0.2742

−1.6758

−0.9129

0.0991

1.1446

0.4380

1.2238

❖ Reconstruction from compressed representation,  k=1

𝒙𝒂𝒑𝒑𝒓𝒐𝒙
(𝑖) = 𝑈𝑟𝑒𝑑𝑢𝑐𝑒𝑑 × 𝒛 𝑖 ,

for i=1,2,…, m

𝒙𝒂𝒑𝒑𝒓𝒐𝒙
(1) =

0.5613 0.6087

−1.2050 −1.3068

0.6726 0.7294

0.1859 0.2016

1.1360 1.2320

0.6189 0.6712

−0.0672 −0.0729

−0.7759 −0.8415

−0.2969 −0.3220

−0.8296 −0.8997

PCA Algorithm
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Example 2.

❖ Reconstruction from compressed representation, k=1

-1.5

-1

-0.5

0

0.5

1

1.5

-1.5 -1 -0.5 0 0.5 1 1.5

𝑥2

𝑥1

Reconstruction from compressed representation 



37

PCA Python Code
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PCA Python Code
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PCA Python Code
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PCA Python Code
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PCA using sklearn
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PCA using sklearn
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Reconstruction from compressed representation 
h

ttp
s://sh

are.co
u

rsera.o
rg

/w
iki/in

d
ex.p

h
p

/M
L:D

im
en

sio
n

ality_R
ed

u
ctio

n

Reduce data from 2D to 1D

𝑥1

𝑥
2

𝑧

𝑥1

𝑥
2

𝒙𝒂𝒑𝒑𝒓𝒐𝒙
(𝑖) = 𝑈𝑟𝑒𝑑𝑢𝑐𝑒𝑑 × 𝒛 𝑖 ,

for i=1,2,…, m

𝒛(𝑖) = 𝑈𝑟𝑒𝑑𝑢𝑐𝑒𝑑
𝑇 × 𝒙 𝑖 ,

for i=1,2,…, m
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PCA

1st PCA axis 2nd PCA axis
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Choosing k (number of principal components)

Total variation in the data:  
1

𝑚
σ𝑖=1
𝑚 𝒙 𝑖 2

Typically, for a constant value 𝜖 < 1 , choose k to be smallest value so that:

𝑅 𝒙, 𝒙𝒂𝒑𝒑𝒓𝒐𝒙, 𝑘 : =

1
𝑚
σ𝑖=1
𝑚 𝒙 𝑖 − 𝒙𝒂𝒑𝒑𝒓𝒐𝒙

𝑖 2

1
𝑚
σ𝑖=1
𝑚 𝒙 𝑖 2

≤ 𝜖

Average squared projection error:  
1

𝑚
σ𝑖=1
𝑚 𝒙 𝑖 − 𝒙𝒂𝒑𝒑𝒓𝒐𝒙

𝑖 2

𝐼𝑓 𝑅 𝒙, 𝒙𝒂𝒑𝒑𝒓𝒐𝒙, 𝑘 ≤ 𝜖, 𝑡ℎ𝑒𝑛

100 1 − 𝜖 𝑝𝑟𝑒𝑐𝑒𝑛𝑡 𝑜𝑓 𝑣𝑎𝑟𝑖𝑎𝑛𝑐𝑒 𝑖𝑠 𝑟𝑒𝑡𝑎𝑖𝑛𝑒𝑑.

e. g. If 𝑅 𝒙, 𝒙𝒂𝒑𝒑𝒓𝒐𝒙, 𝑘 ≤ 0.01, then 99% of variance is retained.

If 𝑅 𝒙, 𝒙𝒂𝒑𝒑𝒓𝒐𝒙, 𝑘 ≤ 0.05, then 95% of variance is retained.
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Choosing k (number of principal components)

Typically, for a constant value 𝑝 ≤ 100 , choose k to be smallest value so that:

𝐼𝑓 𝑅 𝑆, 𝑘 ≥ 𝑝, 𝑡ℎ𝑒𝑛 p 𝑝𝑟𝑒𝑐𝑒𝑛𝑡 𝑜𝑓 𝑣𝑎𝑟𝑖𝑎𝑛𝑐𝑒 𝑖𝑠 𝑟𝑒𝑡𝑎𝑖𝑛𝑒𝑑.

e. g. If 𝑅 𝑆, 𝑘 ≥ 99, then 99% of variance is retained.
If 𝑅 𝑆, 𝑘 ≥ 95, then 95% of variance is retained.

Σ =
1

𝑚
𝑋𝑇𝑋 =

1

𝑚
෍

𝑖=1

𝑚

𝑥(𝑖) 𝑥(𝑖)
𝑇

𝑈, 𝑆, 𝑉 = 𝑠𝑣𝑑 Σ given

𝑅 𝑆, 𝑘 :=
σ𝑖=1
𝑘 𝑆𝑖𝑖

σ𝑖=1
𝑚 𝑆𝑖𝑖

≥ 𝑝,

where



47

Kernel PCA

Lemma: If 𝑢 is an eigenvector of the matrix Σ then 𝑢 is a linear
combination of the samples 𝑥(𝑖) for 𝑖 = 1,2, … ,𝑚.

Σ𝑢 = 𝜆𝑢 ⟹ 𝑢 =෍

𝑖=1

𝑚

𝛼𝑖𝑥
(𝑖)

Lemma: To calculate 𝜶 ∈ ℝ𝑚 just use Gram matrix 𝐾 = 𝑘𝑖𝑗 , where

𝐾𝑖𝑗 = 𝑥(𝑖)
𝑇
𝑥(𝑖) is inner product. Don't need the actual value of 𝑥(𝑖).

h
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u
.ed

u
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o
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L
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7
1
5
_
2
0
1
5
F

all/slid
es/P

C
A

.p
d
f

𝐾𝜶 = 𝑚𝜆𝜶,    if 𝐾 is invertible
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Kernel PCA
h
ttp
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The data should be centered in the feature space, too! But this is manageable.

෨𝐾𝑖𝑗 ሶ= 𝜙 𝑥(𝑖) −෍

𝑘=1

𝑚

𝜙 𝑥(𝑘) , 𝜙 𝑥(𝑗) −෍

𝑘=1

𝑚

𝜙 𝑥(𝑘)

We use  to calculate the projection of a new sample t:

𝑢𝑇𝑡 = ෍

𝑖=1

𝑚

𝛼𝑖𝑥
(𝑖)

𝑇

𝑡 =෍

𝑖=1

𝑚

𝛼𝑖𝑥
𝑖 𝐾 𝑥 𝑖 , 𝑡

Again Don't need the actual value of 𝑥(𝑖).
𝐾𝑖𝑗 = 𝜙 𝑥(𝑖) , 𝜙 𝑥(𝑗)

h
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Input points before kernel PCA
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Example 3.
Original Dataset
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Output after kernel PCA
h
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Polynomial kernel

𝐾 𝒙, 𝒚 = 1 + 𝒙𝑇𝒚 2

Example 3.

The three groups are distinguishable using the first component only 
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Kernel PCA
h
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Gaussian kernel

𝐾 𝒙, 𝒚 = 𝑒𝑥𝑝
− 𝑥 − 𝑦 2

2𝜎2

Example 3.
h
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The three groups are distinguishable using the first component only 
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